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AN ARITHMETIC PROPERTY OF FOURIER COEFFICIENTS
OF SINGULAR MODULAR FORMS
ON THE EXCEPTIONAL DOMAIN

SHOU-TE CHANG AND MINKING EIE

Abstract. We shall develop the theory of Jacobi forms of degree two over
Cayley numbers and use it to construct a singular modular form of weight
4 on the 27-dimensional exceptional domain. Such a singular modular form
was obtained by Kim through the analytic continuation of a nonholomorphic
Eisenstein series. By applying the results in a joint work with Eie, A. Krieg
provided an alternative proof that a function with a Fourier expansion obtained
by Kim is indeed a modular form of weight 4. This work provides a systematic
and general approach to deal with the whole issue.

1. Introduction

Let H be the upper half-plane and let C be the field of complex numbers. The
theory of Jacobi forms on H×C, H×C2 and H×C4 was substantially investigated
for various purposes. The theory of Jacobi forms on H×C8 (or over Cayley num-
bers) was initiated by Eie ([3]) and A. Krieg ([4, 5]) in 1991 to investigate modular
forms which lie in the Maass space on the upper half-plane of 2×2 Hermitian matri-
ces over Cayley numbers. Its close connection with the 27-dimensional exceptional
domain makes the subject especially interesting. How to construct a theta series
on the exceptional domain is still an open problem. However, a theta series on its
10-dimensional boundary, the upper half-plane of 2 × 2 Hermitian matrices over
Cayley numbers, was constructed by Eie and A. Krieg (see [4]) as an example of
singular modular form of weight 4, which was later also obtained by Kim in 1993.
Kim followed the method proposed by Shimura to obtain a singular modular form
of weight 4 on the exceptional domain. In particular, Kim was able to determine
the Fourier coefficients of such a singular modular form. In 1996, A. Krieg (see
[9]) provided an alternative proof that a function with such a Fourier expansion is
indeed a modular form of weight 4 by using the theory of Jacobi forms over Cayley
numbers developed by Eie and Krieg (see [4, 5]).

In this paper, we provide a detailed treatment of this approach. We shall prove
two identities involving Fourier coefficients of E4,0(Z), the singular modular form
of weight 4 obtained by Kim, and use these coefficients to construct Jacobi forms
of weight 4 and index m on H2 × C2

C. These Jacobi forms provide the coefficients
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of the Fourier-Jacobi expansion of a modular form on the exceptional domain.
Consequently, we obtain a modular form of weight 4 if we begin with these identities.
This provides an alternative way to construct a singular modular form on the
exceptional domain via the theory of Jacobi forms on H2 × C2

C, which we develop
in Section 5.

Here we outline the basic ideas behind our construction. Note that the Fourier
coefficients of singular modular forms are wholly determined by their images under
Siegel’s Φ-operator (see [8]). On the other hand, the m-th coefficient of the Fourier-
Jacobi expansion of a modular form of weight k on the exceptional domain must be
a Jacobi form of weight k and index m, and hence it corresponds to a vector-valued
modular form of weight k− 4. The corresponding vector-valued modular form of a
singular modular form of weight 4 is nothing but a constant vector: an eigenvector
of a certain unitary matrix of size m16 ×m16. Of course, we are able to construct
such a constant vector from its images under Siegel’s Φ-operator.

Hence our construction of singular modular forms is clear. First we construct
a constant vector of size m16 × 1 from the Fourier coefficients of f4(Z) given in
[4]. We prove that such a vector is indeed an eigenvector of the unitary matrix

A⊗A, where A =
1
m4

[e2πiσ(p,q)/m]p,q:o/mo. Thus, it corresponds to a Jacobi form
of weight 4 and index m. This is precisely the m-th coefficient in the Fourier-Jacobi
expansion of the singular modular form of weight 4 we need.

2. Notation

As usual Z,Q,R,C denote the ring of integers, the field of rational numbers,
real numbers and complex numbers respectively. For any field f , Cf is an eight-
dimensional vector space over f with a basis {ej : j = 0, 1, 2, . . . , 7} which is
characterized by the following rules for multiplication (see [1]):

(1) xe0 = e0x = x for all x ∈ Cf ;
(2) e2

j = −e0 for j = 1, 2, . . . , 7; and
(3) e1e2e4 = e2e3e5 = e3e4e6 = e4e5e7 = e5e6e1 = e6e7e2 = e7e1e3 = −e0.

For x =
7∑
j=0

xjej ∈ Cf , we let

(i) x̄ = x0e0 −
7∑
j=1

xjej;

(ii) N(x) = xx̄ =
7∑
j=0

x2
j ;

(iii) T (x) = 2x0 = x+ x̄; and

(iv) σ(x, y) = 2
7∑
j=0

xjyj if y =
7∑
j=0

yjej ∈ Cf .

Note that

N(x+ y) = N(x) +N(y) + σ(x, y)

and

σ(x, y) = T (x̄y) = T (xȳ).
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Let o be the ring of integral Cayley numbers. Then o is the Z-module in CQ
generated by the following elements:

α0 = e0, α1 = e1, α2 = e2, α3 = −e4,

α4 =
1
2

(e1 + e2 + e3 − e4), α5 =
1
2

(−e0 − e1 − e4 + e5),

α6 =
1
2

(−e0 + e1 − e2 + e6), α7 =
1
2

(−e0 + e2 + e4 + e7).

Indeed o is characterized as the maximal Z-module in CQ with the following prop-
erties:

(a) T (x) ∈ Z and N(x) ∈ Z for all x in the set;
(b) the set is closed under subtraction and multiplication; and
(c) the set contains 1.
Let J = JR be the set of 3× 3 Hermitian matrices over Cayley numbers. Then

J consists of matrices of the form ξ1 x12 x13

x̄12 ξ2 x23

x̄13 x̄23 ξ3

, where ξ1, ξ2, ξ3 ∈ R and x12, x13, x23 ∈ CR.(2.1)

Let Jo = J ∩M3(o). For 1 ≤ i, j ≤ 3, let eij be the 3 × 3 matrix with 1 at the
(ij)-position and 0 elsewhere. When i 6= j and t ∈ CR, we let Uij(t) = E + teij ,
with E being the 3× 3 identity matrix.

We supply J with a product defined by

X ◦ Y =
1
2

(XY + Y X),

where XY is the ordinary matrix product. Then J becomes a real Jordan algebra
with this product. For X ∈ J as given in (2.1), we define

(1) tr(X) = ξ1 + ξ2 + ξ3;

(2) detX = ξ1ξ2ξ3 − ξ1N(x23)− ξ2N(x13)− ξ3N(x12) + T ((x12x23)x̄13); and

(3) X ×X = X2 − tr(X)X +
1
2

(tr(X)2 − tr(X2))E

=

 ξ2ξ3 −N(x23) x13x̄23 − ξ3x12 x12x23 − ξ2x13

x23x̄13 − ξ3x̄12 ξ1ξ3 −N(x13) x̄12x13 − ξ1x23

x̄23x̄13 − ξ2x̄13 x̄13x12 − ξ1x̄23 ξ1ξ2 −N(x12)

 .
Note that X is invertible if and only if detX 6= 0, and in this case the inverse is

given by

X−1 =
1

detX
(X ×X).

We define
rank X = 1 iff X 6= 0 and X ×X = 0,
rank X = 2 iff X ×X 6= 0 and detX = 0,
rank X = 3 iff detX 6= 0.

We will also define an inner product on J by setting

(X,Y ) = tr(X ◦ Y ).
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Finally, we let K be the set of squares X ◦X of elements of J and K+ the interior
of K.

The exceptional domain contained in C27 is thus defined by

H = {Z = X + iY | X,Y ∈ JR, Y ∈ K+}.
The exceptional domain H is a tube domain on which Baily started the study of
automorphic forms in 1970. He introduced the Eisenstein series and proved that it
has a Fourier expansion with rational Fourier coefficients given by Euler products.
The group of holomorphic automorphisms G of H is a Lie group of type E7 (see [1]).
Let Γ be the discrete subgroup of GR generated by the following automorphisms of
H:

(i) ι : Z −→ −Z−1,
(ii) pB : Z −→ Z +B for B ∈ Jo, and
(iii) tU : Z −→ Z[U ] = tŪZU , where U = Uij(t) for t ∈ o.

Let k be an integer. A holomorphic function f defined on H is a modular form
of weight k with respect to Γ if it satisfies the following conditions:

(a) f(−Z−1) = (det(−Z))kf(Z); and
(b) f(Z[U ] +B) = f(Z) where B ∈ Jo and U = Uij(t) for t ∈ o.

In particular, from (b) above, a modular form f on H has a Fourier expansion of
the form

f(Z) =
∑

T∈K∩Jo

a(T )e2πi(T,Z),

and furthermore, f is a singular modular form if a(T ) = 0 unless detT = 0.

3. A singular modular form of weight 4

Consider the upper half-plane of Hermitian matrices over Cayley numbers defined
by

H2 = {Z = X + iY | tX̄ = X ∈M2(CR), tȲ = Y ∈M2(CR), Y > 0}.
The half-plane H2 corresponds to a proper boundary component of the exceptional
domain H. It was first investigated in [3] in order to construct modular forms in
the Maass space. A holomorphic function f : H2 −→ C is called a modular form
of weight k if f satisfies the following conditions:

(1) f(Z +B) = f(Z) for all B =
[
n t
t̄ m

]
, where n,m ∈ Z and t ∈ o;

(2) f(Z[U ]) = f(Z) for all U =
[

0 1
1 0

]
,

[
1 t
0 1

]
or
[

1 0
t 1

]
, where t ∈ o;

and
(3) f(−Z−1) = (detZ)kf(Z).

In particular, f has a Fourier expansion of the form∑
T≥0

a(T )e2πi(T,Z)

if f is a modular form of weight k. Here (T, Z) = t1z + t2z
∗ + σ(t12, w) if

T =
[
t1 t12

t̄12 t2

]
and Z =

[
z w
w̄ z∗

]
.
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A modular form f is a singular modular form if a(T ) = 0, unless rank T = 0 or 1.
The following was given in [4] as an example of a singular modular form of weight
4.

Proposition 1 ([4]). The theta series

f4(Z) =
∑
h∈o2

e2πi(hth̄,Z), where Z ∈ H2,

is a singular modular form of weight 4 with its Fourier coefficients given by

a

([
N(t)/m t

t m

])
= 240

∑
d|(m,t,N(t)/m)

d3,

where d | (m, t,N(t)/m) stands for d−1m ∈ Z, d−1t ∈ o and d−1(N(t)/m) ∈ Z.

For each positive integer m and integral Cayley number q, we define

Fm(q) =


240

∑
d|(m,t,N(q)/m)

d3, if N(q) ≡ 0 (mod m),

0, otherwise.

Then the Fourier-Jacobi expansion of f4(Z) is given by

f4(Z) =
∑
t∈o

e2πiN(t)z +
∞∑
m=1

ϕm(z, w)e2πimz∗ ,

where

Z =
[
z w
w̄ z∗

]
and

ϕm(z, w) =
∑

q:o/mo

Fm(q)
∑
λ∈o

exp{2πim[N(λ+
q

m
)z + σ(λ+

q

m
,w)]}.

Set

ϑm,q(z, w) =
∑
λ∈o

exp{2πim[N(λ+
q

m
)z + σ(λ +

q

m
,w)]}.(3.1)

The following properties can be verified directly from the definition above:
(1) ϑm,q(z + 1, w) = e2πiN(q)/mϑm,q(z, w);
(2) ϑm,q1(z, w) = ϑm,q2(z, w) if q1 ≡ q2 (mod m); and
(3) ϑm,q(z,−w) = ϑm,−q(z, w).

With the help of the Poisson Summation Formula or employing the result in [4,
Proposition 1] we also have

(4) ϑm,q(− 1
z ,

w
z ) = z4e2πiN(w)/z · 1

m4

∑
p∈o/mo e

−2πiσ(q,p)/mϑm,q(z, w).

Following the argument of [5, Theorem 1], this can lead to the identity

(I) Fm(q) =
1
m4

∑
p∈o/mo

e2πiσ(q,p)/mFm(p).

Let ϕ be the group homomorphism from SL2(Z) to U(m8), the unitary group
of size m8 ×m8, determined by

(a) ϕ
([

1 1
0 1

])
= diag[e2πiN(q1)/m, . . . , e2πiN(qm8)/m], and
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(b) ϕ

([
0 −1
1 0

])
=

1
m4

[e2πiσ(qµ,qν)/m]1≤µ,ν≤m8 .

Here q1, q2, . . . , qm8 is a set of representatives of o/mo. Set

Fm = t[Fm(q1), . . . , Fm(qm8)].

Then

Fm = ϕ

([
1 1
0 1

])
Fm

and

Fm = ϕ

([
0 −1
1 0

])
Fm.

Although identity (I) can be extracted from [4, 5] as shown above, we will give
a detailed alternative proof in the next section because of its elegant arithmetic
properties. Note that since Fm(q) is a multiplicative function of m, it suffices to
prove the cases when m = lν for some prime number l and nonnegative integer ν.

4. The p-adic version of the first identity

In this section, we shall provide a purely arithmetic proof that the vector Fm =
t(Fm(q))q∈o/mo is indeed an eigenvector of the matrix

A =
1
m4

(e2πiσ(q,p)/m)q,p∈o/mo.

Or equivalently, one has identity (I)

Fm(q) =
1
m4

∑
p:o/mo

e2πiσ(q,p)/mFm(p).

Fix a prime number l and a nonnegative integer ν. For any integral Cayley
number q with N(q) ≡ 0 (mod lν), define

τ(q) = τ(lν , q)(4.1)

= max{k ∈ Z | 0 ≤ k ≤ ν, l−kq ∈ o/lνo, l−(k+ν)N(q) ∈ Z}.

Then we can rewrite Fν(q) ≡ Flν (q) as

Fν(q) =


240

τ(lν,q)∑
k=0

l3k, if N(q) ≡ 0 (mod lν),

0, otherwise.

(4.2)

We first prove the case q = 0.

Proposition 1. Let l be a prime number and ν a nonnegative integer. Suppose
that Fν(q) is defined as in (4.2). Then

1
240
· l−4ν

∑
p:o/lνo

Fν(p) =
ν∑
k=0

l3k =
1

240
· Fν(0).
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Proof. For any nonnegative integer j and an integral Cayley number p, let

Tj(p) =
[
l−jN(p) p

p̄ lj

]
.

For each integer j with 0 ≤ j ≤ ν, set

Rj = {Tj(p) | p ∈ o/ljo, N(p) ≡ 0 (mod lj)}.

Note that if Tj(p) ∈ Rj and τ(p) ≥ 1, then l−1Tj(p) ∈ Rj−1. By our definition of
Fν(p), we then have

1
240
· l−4ν

∑
p:o/lνo

Fν(p)

= l−4ν|Rν |+ l−4ν · l3 · |Rν−1|+ . . .+ l−4νl3(ν−1)(R1) + l−ν ,

where |Rj | denotes the number of matrices in Rj .
By the Corollary to [7, Lemma 2.4, p. 181] we have

l−4j |Rj | = l3j +
j−1∑
k=0

l3k(1− l−1)

for 1 ≤ j ≤ ν. Thus our assertion follows.

Next we consider the cases q (mod lν) is nonzero in o/lνo.

Lemma 1. Under the assumptions of Proposition 1, suppose that for ν ≥ τ(q) + 1
we have

Sν = l−4ν
∑

p:o/lνo
N(p)≡0 (mod lν )

e2πiσ(q,p)/lν .

Then

Sν =
τ(q)∑
k=0

l3k(1 − l−1).

Proof. By the p-adic version of the Siegel-Babylonian process, we have

Sν = l−5ν
lν∑
u=1

∑
p:o/lνo

exp{2πi[σ(q, p) + uN(p)]/lν}.

Separate the sum according to whether u is divisible by l or not. Thus we have

Sν = Sν(1) + Sν(2)

with

Sν(1) = l−5ν
∑

(u,l)=1

∑
p:o/lνo

exp{2πi[σ(q, p) + uN(p)]/lν}

= l−5ν
∑

(u,l)=1

∑
p:o/lνo

exp{2πiuN(p+
q

u
)/lν}

= l−5ν(lν − lν−1)l4ν

= 1− l−1
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and

Sν(2) = l−5ν
lν−1∑
u′=1

∑
p:o/lνo

exp{2πiσ(q, p)/lν + 2πiu′N(p)/lν−1}.

Set p = p′ + lν−1r, where p′ ∈ o/lν−1o and r ∈ o/lo in the second summation of
Sν(2). Then

Sν(2) = l−5ν
lν−1∑
u′=1

∑
p′:o/lν−1o

exp{2πi[σ(q, p′)/lν + u′N(p′)]/lν−1}
∑
r:o/lo

e2πiσ(q,r)/l.

Thus Sν(2) = 0 unless l−1q ∈ o. Set l−1q = q′. Then

Sν(2) = l−5ν+8
lν−1∑
u′=1

∑
p′:o/lν−1o

exp{2πi[σ(q′, p′) + u′N(p′)]/lν−1}.

When we repeat the above process on Sν to Sν(2), we get

Sν(2) = l3(1 − l−1) + Sν−2

if τ ≥ 1. Thus our assertion follows by an induction on ν.

Proposition 2. Under the same assumptions of Proposition 1, we have

1
240
· l−4ν

∑
p:o/lνo

e2πiσ(q,p)/lνFν(p) =
τ(q)∑
k=0

l3k =
1

240
· Fν(q),

where τ(q) = τ(lν , q).

Proof. By our definition of Fν(p) we have

1
240
· l−4ν

∑
p:o/lνo

e2πiσ(q,p)/lνFν(p)

= Sν + l−1Sν−1 + . . .+ l−(ν−τ−1)Sτ+1 + l−(ν−τ)|Rτ |+ . . .+ l−(ν−1)|R1|+ l−ν,

where Sj is as given in Lemma 1 and Rj is as given in Proposition 1. Our assertion
then follows from the fact that

Sν = Sν−1 = . . . = Sτ+1 =
τ(q)∑
k=0

l3k(1− l−1)

and that for 1 ≤ j ≤ τ(q) we have

|Rj | = l3j +
j−1∑
k=0

l3k(1− l−1).
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5. Jacobi forms on the Hermitian upper plane of degree two

In order to investigate the Fourier-Jacobi expansions of modular forms on the
exceptional domain, we have to develop the theory of Jacobi forms on H2 × (CC)2.

Let k,m be nonnegative integers. A holomorphic function f : H2 × (CC)2 is
called a Jacobi form of weight k and index m if it satisfies the following conditions:

(1) f(Z + T,W ) = f(Z,W ) for all T =
[
n1 t
t̄ n2

]
, where n1, n2 ∈ Z and t ∈ o;

(2) f(Z[U ],WU) = f(Z,W ) for all U =
[

1 t
0 1

]
or
[

1 0
t 1

]
or
[

0 1
1 0

]
,

where t ∈ o;
(3) f(−Z−1, Z−1W ) = (detZ)k exp{2πimZ−1[W ]}f(Z,W );
(4) f(Z,W + Zq + p) = exp{−2πim(Z[q] + σ(q1, w1) + σ(q2 + w2))}f(Z,W ) for

all q, p ∈ o2; and
(5) f has a Fourier expansion of the form

f(Z,W ) =
∑

q=t(q1,q2)∈o2

∑
T≥qt q̄/m

a(T, q)e2πi[(Z,T )+σ(q1,w1)+σ(q2,w2)].

Here for Z =
[
z1 z12

z̄12 z2

]
∈ H2 and W =

[
w1

w2

]
∈ (CC)2, we let

Z[W ] = z1N(w1) + z2N(w2) + σ(z12w2, w1).

Natural examples of Jacobi forms on H2 × (CC)2 come from Fourier-Jacobi ex-
pansions of modular forms on the 27-dimensional exceptional domain. Here we
shall investigate the Jacobi forms corresponding to the singular modular form of
weight 4 constructed by Kim in [8]. Before doing this, we shall investigate the
general properties of Jacobi forms defined as above.

For each q = t(q1, q2) ∈ o2, consider the theta series ϑm,q(Z,W ) defined by

ϑm,q(Z,W )(5.1)

=
∑

h=λ+q/m,λ∈o2

exp{2πim[(hth̄, Z) + σ(h1, w1) + σ(h2, w2)]}.

Obviously, one has the identities

ϑm,q(Z + T,W ) = e2πi(qt q̄,T )/mϑm,q(Z,W ) for T =
[
n1 l
λ̄ n2

]
,

(5.2)

where n1, n2 ∈ Z and λ ∈ o,
and

ϑm,q(Z[U ],WU) = ϑm,Uq(Z,W ) for U =
[

0 1
−1 0

]
(5.3)

or U =
[

1 t
0 1

]
, where t ∈ o.

Here we shall construct the transformation formula between ϑm,q(−Z−1, Z−1W )
and ϑm,p(Z,W ). We need the following lemma.

Lemma 2. For each h = t(h1, h2) ∈ C2
R and Λ = diag[ξ1, ξ2] where ξ1 > 0, ξ2 > 0,

one has

(hth̄,Λ[U ]) = ((Uh)(th̄tŪ),Λ)
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for all

U =
[

1 t
0 1

]
,

[
1 0
t 1

]
or
[

0 1
1 0

]
,

where t ∈ CR.

Proof. It is obvious for U =
[

0 1
1 0

]
. We examine the case U =

[
1 t
0 1

]
. We

have

(hth̄,Λ[U ]) = ξ1N(h1) + ξ1σ(t, h1h̄2) + (ξ2 + ξ1N(t))N(h2).

On the other hand, we also have

Uh =
[
h1 + th2

h2

]
.

It follows that

((Uh)(th̄tŪ),Λ) = ξ1N(h1 + th2) + ξ2N(h2)

= ξ1N(h1) + ξ1σ(h1, th2) + (ξ1N(t1) + ξ2)N(h2).

Hence our assertion follows from the fact that

σ(t, h1h̄2) = T (t(h2h̄1)) = T ((th2)h̄1) = σ(h1, th2).

With the same argument we have the following lemma.

Lemma 3. For h = t(h1, h2) ∈ C2
R, V = t(v1, v2) ∈ C2

C, Λ = diag[ξ1, ξ2], where
ξ1 > 0, ξ2 > 0, and

U =
[

1 t
0 1

]
or
[

1 0
t 1

]
,

where t ∈ CR, we have

T (th̄(Λ−1[tŪ−1])V ) = T ((th̄U−1)(Λ−1(tŪ−1
V ))).

Proposition 3. For each q = (q1, q2) ∈ o2 we have

ϑm,q(−Z−1, Z−1W )(5.4)

= (detZ)4 exp{2πimZ−1[W ]}

× 1
m8

∑
p:(o/mo)2

exp{−2πi[σ(q1, p1) + σ(q2, p2)]ϑm,p(Z,W ).
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Proof. It suffices to prove that (5.4) holds for Z = iY and W = iV . Set Y = Λ[U ]

with U =
[

1 t
0 1

]
and Λ = diag[ξ1, ξ2]. Then Y −1 = Λ−1[tU−1] and

ϑm,q(iY −1, Y −1V )

=
∑

h=λ+q/m,λ∈o2

exp{−2πm(hth̄, Y −1) + 2πiT ((th̄)(Y −1V ))}

=
∑

h=λ+q/m,λ∈o2

exp{−2πm(hth̄,Λ−1[tU−1]) + 2πiT (th̄(Λ−1[tŪ−1])V )}

=
∑

h=λ+q/m,λ∈o2

exp{−2πm((tŪ−1h)(th̄U−1),Λ−1)

+ 2πimT ((th̄U−1)Λ−1(tŪ−1V ))},
by Lemma 2 and Lemma 3,

= e−2πmΛ−1[tŪ−1V ](ξ1ξ2)4m−8
∑
h∈o2

exp{−2πm−1((Uh)(th̄tŪ),Λ)

− 2πT (th̄tŪ)(tŪ−1)(
q

m
− iV )},

by Poisson summation formula,

= e−2πmY−1[V ](detY )4m−8
∑
h∈o2

exp{−2πm−1(hth̄, Y )

− 2πiσ(
q1

m
− iv1, h1)− 2πiσ(

q2

m
− iv2, h2)}

= e−2πmY−1[V ](detY )4m−8
∑

p:(o/mo)2

exp{−2πi[σ(q1, p1) + σ(q2, p2)]/m}

×
∑

h=λ+p/m,λ∈o2

exp{−2πm(hth̄, Y )− 2πm(σ(v1, h1) + σ(v2, h2)}

= e−2πmY−1[V ](detY )4m−8
∑

p:(o/mo)2

exp{−2πi[σ(q1, p1)

+ σ(q2, p2)]/m}ϑm,p(iY, iV ).

This proves our assertion.

Let Γ2 be the arithmetic group of the group of automorphisms of H2 generated
by

(A) pB : Z −→ Z +B, for B =
[
n1 t
t̄ n2

]
where n1, n2 ∈ Z and t ∈ o,

(B) ι : Z −→ −Z−1, and

(C) tU : Z −→ Z[U ], for U =
[

0 1
−1 0

]
or U =

[
1 t
0 1

]
where t ∈ o.

As Jacobi forms on H1 × CC, we have the following result.

Proposition 4. There exists a group homomorphism ψ : Γ2 −→ U(m16), the uni-
tary group of size m16, determined by

(A) ψ(pB) = diag[e−2πi(qtq̄,B)/m]q:(o/mo)2 ,

(B) ψ(ι) = 1
m8 [e2πi[σ(q1,p1)+σ(q2,p2)]/m]p,q:(o/mo)2 , and
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(C) ψ(tU ) = [sp,q]p,q:(o/mo)2 , where

sp,q =
{

1, if q = Up,
0, otherwise, for U =

[
0 1
−1 0

]
or U =

[
1 t
0 1

]
where t ∈ o.

Remark. Fix a set of representatives q1, . . . , qm8 of o/mo and let

A =
1
m4

[e2πiσ(qµ,qν)/m]1≤µ,ν≤m8 .

It is easy to see that

ψ(ι) = A⊗A,
where

M ⊗N =


m11N m12N . . . m1nN
m21N m22N . . . m2nN

...
...

...
mp1N mp2N . . . mpnN


if M = [mij ]1≤i≤p,1≤j≤n.

6. The second identity

For each positive integer m and q = t(q1, q2) ∈ o2 with qtq̄ ≡ 0 (mod m), we
define

T (m, q) =
[
qtq̄/m q
tq̄ m

]
=

 N(q1)/m q1q̄2/m q1

q2q̄1/m N(q2)/m q2

q̄1 q̄2 m

 .(6.1)

Obviously, we have T (m, q) ∈ Jo and rank T (m, q) = 1. Let

d(m, q) = max{α ∈ N | α−1T (m, q) ∈ Jo}.
Now define

Gm(q) =

 240
∑
k|d(m,q) k

3, if qtq̄ ≡ 0 (mod m),

0, otherwise.
(6.2)

We shall prove the identity
(II) Gm(q) = m−8

∑
p∈(o/mo)2

e2πi[σ(q1,p1)+σ(q2,p2)]/mGm(p).

Since the functions in both sides of the equality are multiplicative functions of m, it
suffices to consider the cases m = lν for some prime number l and positive integer
ν. We write T (ν, q), d(ν, q), Gν(q) to replace T (lν, q), d(lν , q), Glν (q) respectively.

First we consider the case q = 0. We need the following useful tools from [7].

Lemma 4. Let l be a prime number, ν be a positive integer and x be a primitive
element of o/lνo with N(x) ≡ 0 (mod lν). Suppose that y ∈ o. Then x̄y ≡ 0
(mod lν) if and only if y = xz (mod lν). As z varies in o/lνo, there are l4ν such
y (mod lν) and each y (mod lν) is assumed l4ν times.

Lemma 5. The number of elements x in o/lνo such that N(x) ≡ 0 (mod lν) is
given by

l4ν{l3ν +
ν−1∑
k=0

l3k(1− l−1)}.
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Lemma 6. The number of primitive elements x in o/lνo with N(x) ≡ 0 (mod lν)
is given by (l7ν + l7ν−3)(1− l−4).

Proof. Let Aν be the number of elements x is o/lνo such that N(x) ≡ 0 (mod lν).
Then the number of primitive elements in Aν is

Aν − l8Aν−2 = (l7ν + l7ν−3)(1− l−4).

Now we are ready to prove that the l-adic version of identity (II) holds for
q = 0.

Proposition 5. Let l be a prime number and ν be a nonnegative integer. Then

1
240
·Gν(0) =

1
240
· l−8ν

∑
p∈(o/lνo)2

Gν(p) =
ν∑
k=0

l3k.

Proof. For integers j with 0 ≤ j ≤ ν we have

Rj = {T (j, q) | q ∈ (o/lνo)2, qtq̄ ≡ 0 (mod lj)}.
Note that if T (j, q) ∈ Rj and l−kT (j, q) ∈ Jol , 0 ≤ k ≤ j, then l−kT (j, q) =
T (j − k, l−kq) ∈ Rj−k. Hence, by our definition we have

1
240
· l−8ν

∑
p∈(o/lνo)2

Gν(p)

= l−8ν |Rν |+ l−8ν+3|Rν−1|+ . . .+ l−8ν+3(ν−1)|R1|+ l−8ν+5ν,

where |Rj | denotes the number of matrices in Rj .
Our assertion will follow if we can prove that

l−8j|Rj | = l3j +
j−1∑
k=0

l3k(1− l−5), 1 ≤ j ≤ ν.

Note that

|Rj | = |{q ∈ (o/ljo)2 | qtq̄ ≡ 0 (mod lj)}|.
Set q = t(q1, q2). Then qtq̄ ≡ 0 (mod lj) if and only if

N(q1) ≡ q1q̄2 ≡ N(q2) ≡ 0 (mod lj).

Let Sj (respectively Tj) be the subset of Rj corresponding to the cases q1 is
primitive (respectively q1 is primitive and q2 is nonprimitive). By Lemma 4 and
Lemma 6, we have

|Sj | = (l7ν + l7ν−3)(1 − l−4)l4ν

and

|Tj| = (l7ν + l7ν−3)(1 − l−4)l4(ν−1).

Consequently, we have

l−8j|Rj | = l−8j{|Sj|+ |Tj|}+ l−8(j−2)|Rj−2|
= (l3j + l3(j−1))(1− l−8) + l−8(j−2)|Rj−2|

for j ≥ 2. Thus our assertion follows from the fact |R0| = 1, the equality

l−8|R1| = l3 + (1 − l−5)

and induction on j.
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Next we consider the general case. Set τ(q) = τ(ν, q) = νl(d(ν, q)). In other
words, lτ(q) is the largest exponent of l such that τ(q) ≤ ν and l−τ(q)T (ν, q) ∈ Jol .
With such notation, we can rewrite G(ν, q) as

Gν(q) = 240
τ(q)∑
k=0

lk.

We need the following lemmas from [7].

Lemma 7. Let l be a prime number and ν be a positive integer. Suppose that
q ∈ o/lνo with N(q) ≡ 0 (mod lν) and Aν(q) is the number of y (mod lν) such
that q̄y ≡ N(y) ≡ 0 (mod lν). Then

Aν(q) = l4ν{l3τ(q) +
τ(q)−1∑
k=0

l3k(1− l−1)},

where τ(q) = τ(ν, q).

Lemma 8. Under the same assumption of the previous lemma. Let Bν(q) be the
number of primitive elements y (mod lν) such that q̄y ≡ N(y) ≡ 0 (mod lν). Then

Bν(q) = l4ν+3τ(q)(1− l−4).

Proof. It follows from the fact

Bν(q) = Aν(q)− l8Aν−2(l−1q) if τ ≥ 1.

Note that Gν(q) is invariant under the transformation q −→ Uq with U =[
1 0
t 1

]
,

[
1 t
0 1

]
where t ∈ o, or U =

[
0 1
1 0

]
. The sum

l−8ν
∑

p∈(o/lνo)2

e2πi[(q1,p1)+(q2,p2)]/lνGν(p)

= l−8ν
∑

p:(o/lνo)2

e2πiT (t q̄p)/lνGν(p)

is invariant under the transformation q −→ Uq as well. On the other hand, for each

x ∈ CR, there exists c ∈ o such thatN(x−c) ≤ 1
2

(see [1]). Thus the usual Euclidean
algorithm for integers can be extended to integral Cayley numbers. Without loss
of generality, we can assume the second component q2 of q is zero.

Proposition 6. Let l be a prime number and ν be a positive integer such that
ν > τ = τ(lν , q1). Then

1
240

l−8ν
∑

p∈(o/lνo)2

e2πiσ(q1,p1)/lνGν(p) =
τ∑
k=0

l3k =
1

240
·Gν

((
q1

0

))
.

Proof. For integers j with τ + 1 ≤ j ≤ ν, let

Sj = l−8j
∑

p∈(o/lνo)2

ptp̄≡0 (mod lj)

e2πi(q1,p1)/lν ,
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and Rj be as defined in Proposition 5. Then we have

1
240
· l−8ν

∑
p∈(o/lνo)2

e2πiσ(q1,p1)/lνGν(p) = Sν + l−5Sν−1 + . . .+ l−5(ν−τ−1)Sτ+1

+ l−5(ν−τ)|Rτ |+ . . .+ l−5(ν−1)|R1|+ l−5ν .

Thus the equality holds if we can prove that

Sj =
τ∑
k=0

l3k(1− l−5)

for τ + 1 ≤ j ≤ ν. Consider the following partial sums of Sj :
(1) Sj(1) : sum over all p = t(p1, p2) where p1 is primitive,
(2) Sj(2) : sum over all p = t(p1, p2) where both p1, p2 are primitive,
(3) Sj(3) : sum over all p = t(p1, p2) where p2 is primitive, and
(4) Sj(4) : sum over all p = t(p1, p2) where p1, p2 are non-primitive.

Obviously, we have

Sj = Sj(1)− Sj(2) + Sj(3) + Sj(4).

If j ≥ τ + 2, we have

Sj(4) = Sj−2.

By Lemma 4, we have

Sj(1) = l−4j
∑

p1∈o/ljo
p1 primitive

N(p1)≡0 (mod lj)

e2πiσ(q1,p1)/lj

= l−4j
∑

N(p1)≡0 (mod lj)
p1∈o/ljo

e2πiσ(q1,p1)/lj − l−4(j−2)
∑

N(p′)≡0 (mod lj−2)
p′∈o/lj−2o

e2πiσ(q1,p
′)/lj−1

= l3τ (1− l−4), by Lemma 1.

It follows easily that

Sj(2) = l3τ (1− l−1)(1 − l−4).

Again by Lemma 4 we have

Sj(3) = l−8j
∑

p2∈o/ljo
p2 primitive

N(p2)≡0 (mod lj)

l−4j
∑

z∈o/ljo
e2πiσ(q1,p2z)

= l−4j|{p2 ∈ o/ljo | p2 is primitive and p̄2q ≡ 0 (mod lj)}|
= l3τ (1− l−4), by Lemma 8.

Consequently, we have

Sj(1)− Sj(2) + Sj(3) = l3τ (1− l−5).

By the same process as above we are able to show that

Sτ+1 =
τ∑
k=0

l3k(1− l−5).

Thus our assertion for Sj follows by induction on j.
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7. A consequence of the second identity

Here we combine the theory of Section 5 with the second identity to yield a
Jacobi form of weight 4 and index m on H2 × (CC)2.

Proposition 7. With the theta series ϑm,q(Z,W ) defined in (5.1) and the constant
Gm(q) defined in (6.2), the function

ϕm(Z,W ) =
∑

q:(o/mo)2

Gm(q)ϑm,q(Z,W )(7.1)

is a Jacobi form of weight 4 and index m on H2 × (CC)2.

Proof. If we combine identity (II) with Proposition 3, we get

ϕm(−Z−1, Z−1W )

=
∑

q:(o/mo)2

Gm(q)ϑm,q(−Z−1, Z−1W )

= (detZ)4 exp{2πimZ−1[W ]}

×
∑

p∈(o/mo)2

Gm(q)
1
m8

∑
p:(o/mo)2

e−2πi[σ(q1,p1)+σ(q2,p2)]/mϑm,p(Z,W )

= (detZ)4 exp{2πimZ−1[W ]}

×
∑

p∈(o/mo)2

1
m8

∑
q:o/mo

e−2πi[σ(q1,p1)+σ(q2,p2)]/mGm(q) · ϑm,p(Z,W )

= (detZ)4 exp{2πimZ−1[W ]}
∑

p∈(o/mo)2

Gm(p)ϑm,p(Z,W )

= (detZ)4 exp{2πimZ−1[W ]}ϕm(Z,W ).

The remaining conditions are easy to verify directly, so we omit the proofs here.

Theorem. Set Z1 =
[
z1 z12

z12 z2

]
, W =

[
z13

z23

]
and Z =

[
Z1 W
tW̄ z3

]
. Then the

function

E(Z) =
∑
h∈o2

e2πi(hth̄,Z1) +
∞∑
m=1

(
∑

q:(o/mo)2

Gm(q)ϑm,q(Z1,W ))e2πimz3 ,

where Z ∈ H, is a singular modular form of weight 4.

Proof. It is easy to see that E(Z + B) = E(Z) for all B ∈ Jo and for U = Uij(t)
where t ∈ o. We have E(Z[U ]) = E(Z) since the coefficient Gm(q) depends on the
matrix

Tm(q) =
[
qtq̄/m q
tq̄ m

]
and so is invariant under the transformation Tm(q) −→ Tm(q)[U ].

Let ι12 be the mapping from H to H defined by

ι12 : [Z1,W, z3] −→ [−Z−1
1 , Z−1

1 W, z3 − Z−1
1 [W ]].

By Proposition 7 we have

E(ι12(Z)) = (detZ1)4E(Z).(7.2)
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The detailed proofs here for the formula (7.2) and for the formula (7.6) below
are the essential steps missing in Krieg’s assertions (12) and (14) in his paper [9].

Rewrite E(Z) as

E(Z) =
∑
R

e2πi(R,Z1)FR(z3, z13, z23)

where R ranges over 2×2 Hermitian matrices over integral Cayley numbers of rank
≤ 1 and R ≥ 0. Indeed we have

FR(z3,z13,z23)=
∑

nR=qt q̄

∑
q∈o2

Gm(q)e2πi[σ(q1,z13)+σ(q2,z23)]e2πinz3 .(7.3)

In particular, for R =
[
m 0
0 0

]
we have

FR(z3, z13, z23)

=
∑
q1∈o

Fm(q1)e2πi[σ(q1,z13)+z3N(q1)/m]

=
∑

q∈o/mo
Fm(q)

∑
l∈o

exp{2πimN(l+
q

m
)z3 + σ(l +

q

m
, z13)}.

By identity (I) and the transformation of the theta series in (3.1), we get

FR(− 1
z3
,
z13

z3
,
z23

z3
) = (z3)4e2πimN(q1)/z3FR(z3, z13, z23).(7.4)

Under the transformation R −→ R[U ] with U =
[

0 1
1 0

]
,
[

1 0
t 1

]
or
[

1 0
t 1

]
,

where t ∈ o, it causes simple transformations on z13 and z23. Indeed, by (7.3), we
have

FR[U ](z3, z
′
13, z

′
23) = FR(z3, z13, z23),

where [
z′13

z′23

]
= Ū−1

[
z13

z23

]
.

Thus the equality in (7.4) leads to the general form

FR(− 1
z3
,
z13

z3
,
z23

z3
) = (z3)4e2πi(R,W tW̄ )/z3FR(z3, z13, z23),(7.5)

where

W =
[
z13

z23

]
and W tW̄ =

[
N(z13) z13 ¯z23

z23 ¯z13 N(z23)

]
.

Let ι3 be the mapping from H to H defined by

ι3 : (Z1,W, z3) 7−→ (Z1 −
1
z3
W tW̄ ,

1
z3
W,− 1

z3
).

By (7.5) we have

E(ι3(Z)) = z4
3E(Z).(7.6)
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Note that ι : Z −→ −Z−1 is the composition of ι12 and ι3. By (7.2) and (7.6), we
then have

E(−Z−1) = (detZ)4E(Z).

Hence E(Z) is indeed a modular form of weight 4.

Remark. The identity (7.4) is proved in [9] using the Fourier-Jacobi expansion of
f4. We wish to stress here that our proof of (7.2) provides all necessary details
which are practically absent in [9] and is integral to our development of the theory
of Jacobi forms on H2 × (Cc)2. Here we have the precise expression for FR and
derive its transformation formula (7.3) using identity (I) and the transformation
formula of the theta series.
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