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AN ARITHMETIC PROPERTY OF FOURIER COEFFICIENTS
OF SINGULAR MODULAR FORMS
ON THE EXCEPTIONAL DOMAIN

SHOU-TE CHANG AND MINKING EIE

ABSTRACT. We shall develop the theory of Jacobi forms of degree two over
Cayley numbers and use it to construct a singular modular form of weight
4 on the 27-dimensional exceptional domain. Such a singular modular form
was obtained by Kim through the analytic continuation of a nonholomorphic
Eisenstein series. By applying the results in a joint work with Eie, A. Krieg
provided an alternative proof that a function with a Fourier expansion obtained
by Kim is indeed a modular form of weight 4. This work provides a systematic
and general approach to deal with the whole issue.

1. INTRODUCTION

Let H be the upper half-plane and let C be the field of complex numbers. The
theory of Jacobi forms on H x C, H x C? and H x C* was substantially investigated
for various purposes. The theory of Jacobi forms on H x C® (or over Cayley num-
bers) was initiated by Eie ([3]) and A. Krieg ([4, 5]) in 1991 to investigate modular
forms which lie in the Maass space on the upper half-plane of 2 x 2 Hermitian matri-
ces over Cayley numbers. Its close connection with the 27-dimensional exceptional
domain makes the subject especially interesting. How to construct a theta series
on the exceptional domain is still an open problem. However, a theta series on its
10-dimensional boundary, the upper half-plane of 2 x 2 Hermitian matrices over
Cayley numbers, was constructed by Eie and A. Krieg (see [4]) as an example of
singular modular form of weight 4, which was later also obtained by Kim in 1993.
Kim followed the method proposed by Shimura to obtain a singular modular form
of weight 4 on the exceptional domain. In particular, Kim was able to determine
the Fourier coefficients of such a singular modular form. In 1996, A. Krieg (see
[9]) provided an alternative proof that a function with such a Fourier expansion is
indeed a modular form of weight 4 by using the theory of Jacobi forms over Cayley
numbers developed by Eie and Krieg (see [4, 5]).

In this paper, we provide a detailed treatment of this approach. We shall prove
two identities involving Fourier coefficients of E4 ¢(Z), the singular modular form
of weight 4 obtained by Kim, and use these coefficients to construct Jacobi forms
of weight 4 and index m on Hz x C&. These Jacobi forms provide the coefficients
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of the Fourier-Jacobi expansion of a modular form on the exceptional domain.
Consequently, we obtain a modular form of weight 4 if we begin with these identities.
This provides an alternative way to construct a singular modular form on the
exceptional domain via the theory of Jacobi forms on Hy x C&, which we develop
in Section 5.

Here we outline the basic ideas behind our construction. Note that the Fourier
coeflicients of singular modular forms are wholly determined by their images under
Siegel’s ®-operator (see [§]). On the other hand, the m-th coeflicient of the Fourier-
Jacobi expansion of a modular form of weight £ on the exceptional domain must be
a Jacobi form of weight k£ and index m, and hence it corresponds to a vector-valued
modular form of weight k& — 4. The corresponding vector-valued modular form of a
singular modular form of weight 4 is nothing but a constant vector: an eigenvector
of a certain unitary matrix of size m'® x m'6. Of course, we are able to construct
such a constant vector from its images under Siegel’s ®-operator.

Hence our construction of singular modular forms is clear. First we construct
a constant vector of size m!® x 1 from the Fourier coefficients of f4(Z) given in
[4]. We prove that such a vector is indeed an eigenvector of the unitary matrix

1 )
A® A, where A = — [eQWza(p’Q)/m]p’q:o/mo. Thus, it corresponds to a Jacobi form

of weight 4 and index m. This is precisely the m-th coefficient in the Fourier-Jacobi
expansion of the singular modular form of weight 4 we need.

2. NOTATION

As usual Z,Q, R, C denote the ring of integers, the field of rational numbers,
real numbers and complex numbers respectively. For any field f, Cy is an eight-
dimensional vector space over f with a basis {e; : 7 = 0,1,2,...,7} which is
characterized by the following rules for multiplication (see [1]):

(1) zeg = epx =z for all x € Cy;
(2) e? = —¢g for j=1,2,...,7; and
(3) e1egeqs = esezes = ezeqes = eqe5€7 = €5€6€1 = €gTea = €7€1€3 = —eq.

7
For z = ijej € Cy, we let

7=0
7
(1) T =w=zoe0 — Za:jej,
j=1
7
(i) N(z) =2z =) a%;
j=0
(ii) T(x) = 2x9 = = + Z; and
7 7
(iv) o(x,y) = Zijyj ify= Zyjej € Cy.
j=0 j=0
Note that
N(z+y)=N(z)+ N(y) +o(z,y)
and

o(z,y) = T(zy) = T(xy).
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Let o be the ring of integral Cayley numbers. Then o is the Z-module in Cq
generated by the following elements:

Qo =e€p, Q1 =e€1, Q2 =€z, Q3= €y,
1 1
044:5(614-624-63—64)7 a5:§(—60—€1—64+e5);
1 1
a6:§(—60+€1—€2+66)a a7:§(_60+e2+e4+67)'

Indeed o is characterized as the maximal Z-module in Cq with the following prop-
erties:

(a) T(x) € Z and N(z) € Z for all = in the set;

(b) the set is closed under subtraction and multiplication; and

(c) the set contains 1.

Let J = Jr be the set of 3 x 3 Hermitian matrices over Cayley numbers. Then
J consists of matrices of the form
&1 w2 T3
(21) T12 §2 x23 |, where 51,52,53 € R and X12,213,T23 € CR.
Tiz3 T2z &3

Let Jo = J N Ms(o). For 1 <1i,j < 3, let e;; be the 3 x 3 matrix with 1 at the
(¢j)-position and O elsewhere. When ¢ # j and t € Cr, we let U;;(t) = E + tey;,
with E being the 3 x 3 identity matrix.

We supply J with a product defined by

XoY = %(XY—#YX),

where XY is the ordinary matrix product. Then J becomes a real Jordan algebra
with this product. For X € J as given in (1), we define

(1) tr(X) =&+ &+ &3;
(2)  det X = 16283 — &1 (223) — EaN(w13) — E3N (w12) + T'((212723)713); and

(3) X x X = X2 — tr(X)X + %(tr(X)Q _r(X?)E

§283 — N(x23) T13%T23 — §3712  Z12%23 — Eo13
= |223%13 — &T12  &1&3 — N(213)  Ti2w13 — 12023
To3T13 — §2%13  Tizwi2 — &1T23  &1§&2 — N(212)
Note that X is invertible if and only if det X # 0, and in this case the inverse is
given by

_ 1
Xt = (X x X).

We define

rank X =1 iff X#0 and X x X =0,
rank X =2 iff X x X #0 and det X =0,
rank X =3 iff det X #0.

We will also define an inner product on J by setting

(X,Y) = tr(X o Y).
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Finally, we let K be the set of squares X o X of elements of J and KT the interior
of K.

The exceptional domain contained in C?7 is thus defined by
H={Z=X+iY |X,Y € Jr,Y € K"}

The exceptional domain H is a tube domain on which Baily started the study of
automorphic forms in 1970. He introduced the Eisenstein series and proved that it
has a Fourier expansion with rational Fourier coefficients given by Euler products.
The group of holomorphic automorphisms G of H is a Lie group of type E7 (see [I]).
Let T" be the discrete subgroup of Gr generated by the following automorphisms of
H:
() ¢: 2 — —Z71,
(i) pp:Z — Z + B for B € Jo, and
(ili) ty : Z — Z[U] ='UZU, where U = U;;(t) for t € o.
Let k be an integer. A holomorphic function f defined on H is a modular form
of weight k with respect to I if it satisfies the following conditions:
(a) f(=Z7") = (det(~Z2))*f(Z); and
(b) f(Z[U]+ B) = f(Z) where B € Jo and U = Uyj(t) for t € o.
In particular, from (b) above, a modular form f on H has a Fourier expansion of
the form

f(Z) — Z a(T)e27ri(T,Z)7
TekNJo

and furthermore, f is a singular modular form if a(7") = 0 unless det T' = 0.

3. A SINGULAR MODULAR FORM OF WEIGHT 4
Consider the upper half-plane of Hermitian matrices over Cayley numbers defined
by
Hy = {Z =X+1iY | tX=Xe MQ(CR),tY =Y e MQ(CR),Y > 0}
The half-plane Hs corresponds to a proper boundary component of the exceptional
domain H. Tt was first investigated in [3] in order to construct modular forms in

the Maass space. A holomorphic function f : Ho — C is called a modular form
of weight k if f satisfies the following conditions:

(1) f(Z+B)=f(Z) for all B= [7; ;},wheren,m€Zandt60;

2) f(Z[U])—f(Z)forauU—H é]“ i]or[i H,whereteo;

and
(3) f(=27") = (det 2)* f(Z).

In particular, f has a Fourier expansion of the form

Z G(T) eQﬂ'i(T,Z)

T>0

if f is a modular form of weight k. Here (T, Z) = t1z + toz* + o(t12, w) if

T:[t1 t12} and Zz[{ ui]
tio  to W 2z
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A modular form f is a singular modular form if a(7T") = 0, unless rank 7'= 0 or 1.
The following was given in [4] as an example of a singular modular form of weight
4.

Proposition 1 ([4]). The theta series
fa(Z Z 627”hhz), where Z € Ha,

heo?
is a singular modular form of weight 4 with its Fourier coefficients given by
N(t)/m t |\ _ 3
a <[ ; o | ) =240 > &
d|(m,t,N(t)/m)

where d | (m,t, N(t)/m) stands for d~'m € Z,d"'t € 0 and &~ (N(t)/m) € Z

For each positive integer m and integral Cayley number ¢, we define

210 Y A if N(¢)=0 (mod m),
Fnlq) = d|(m,t,N(q)/m)
0, otherwise.

Then the Fourier-Jacobi expansion of f4(Z) is given by

ZeQTF’LN(t)Z + Z Som 2, ,w 271'7,mz ,

teo
where
z w
(i 7]
and
. q q
> Fulg) Y exp{2mim[N (A + —)z+o(h+— w)l}
q:0/mO AEO
Set
. q q
(3.1) Ui gz, w) = gexp{me[N()\ + E)Z +o(A+ g w)]}.

The following properties can be verified directly from the definition above:

(1) mq(z +1,w) = TN/, (2, w);

(2) Vg (2, ) = O g, (2, w) if ¢1 = g2 (mod m); and

(3) Um,q(z, _w) = Um,—q(2, w).
With the help of the Poisson Summation Formula or employing the result in [4]
Proposition 1] we also have

(4) ﬁm,q(_%v 2)== te2miN(w)/z . # EpEO/mO e_%w(q’p)/mﬁm,q(sz)-

Following the argument of [5, Theorem 1], this can lead to the identity
1 2mio(q.0)/
@ Finla) = — > reen/mE, (p).

peEO/MmO
Let ¢ be the group homomorphism from SLy(Z) to U(m?), the unitary group
of size m® x m®, determined by
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0 -1 1 Tio
(b) 2 (|: 1 0 :|> = ﬁ[eQ 2 (q}“(IU)/m]lgu,ngs .

Here q1,q2,... ,Gms is a set of representatives of o/mo. Set

Fm = t[Fm(ql)a e 7Fm(qm8)]
Then

and

raee([2 2

Although identity (I) can be extracted from [4] [5] as shown above, we will give
a detailed alternative proof in the next section because of its elegant arithmetic
properties. Note that since F),(q) is a multiplicative function of m, it suffices to
prove the cases when m = [¥ for some prime number [ and nonnegative integer v.

4. THE p-ADIC VERSION OF THE FIRST IDENTITY

In this section, we shall provide a purely arithmetic proof that the vector F,, =
'(Fn(q))gec0/mo is indeed an eigenvector of the matrix

1 2mio
A= — (™ (@p)/my

,PEO/MO-
m q,p€0/m

Or equivalently, one has identity (I)
_ 2mio(q,
Fr(q) = " Z e2rielan)/mp, (p).
p:0/mO

Fix a prime number [ and a nonnegative integer v. For any integral Cayley
number ¢ with N(g) =0 (mod [¥), define

(4.1) 7(q) = 7(1",q)
—max{k€Z|0<k<wv i Fqgeo/l’o,I"*N(q) € Z}.

Then we can rewrite F,(q) = Fiv(q) as

7(1",q)
240 > P, if N(¢) =0 (mod 1¥),
(4.2) F(q) = k=0
0, otherwise.

We first prove the case ¢ = 0.

Proposition 1. Let [ be a prime number and v a nonnegative integer. Suppose
that F,(q) is defined as in (@2). Then

v

1 —4 3k 1
RN v Fl/ = = — - Fl/ .
p:0/1¥O k=0
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Proof. For any nonnegative integer j and an integral Cayley number p, let
T;(p) = { lij];(p) z }
For each integer 7 with 0 < 5 < v, set
R; ={Tj(p) |[p € o/l/o,N(p) =0 (mod I)}.
Note that if T;(p) € R; and 7(p) > 1, then I7'T}(p) € Rj_1. By our definition of
F,(p), we then have

1 —4v
210 l Z F,(p)
p:0/1¥O

= U YR+ 1 Ry |+ 4+ TP (Ry) 17,

where |R;| denotes the number of matrices in R;.
By the Corollary to [7, Lemma 2.4, p. 181] we have

j—1
YR =17+ PR -17)
k=0
for 1 < j < v. Thus our assertion follows. O

Next we consider the cases ¢ (mod [¥) is nonzero in o/l”o.

Lemma 1. Under the assumptions of Proposition 1, suppose that for v > 7(q) + 1
we have

S, = l—4l/ Z eQwia(q,p)/l".

p:0/1v O
N(p)=0 (mod IV)
Then
7(q)

S, =Y _PFa -1
k=0

Proof. By the p-adic version of the Siegel-Babylonian process, we have
”

S, =1""% " > exp{2milol(g,p) + uN(p)]/I"}.

u=1p:0/1*O
Separate the sum according to whether u is divisible by [ or not. Thus we have
S, =5,(1)+ 5,(2)
with

Sy =17 > > exp{2nilo(q,p) +uN(p)]/1"}

(u,l)=1p:0/1*O
_ . q
=1 S5v 4 v
Z Z exp{2miuN (p + u)/l }
(u,l)=1p:0/l*O
_ 1751/(l1/ _ lufl)l4u
=1-1"
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and

lufl

S,(2) =17 Z Z exp{2mio(q,p)/l” + 2miv'N(p)/1**}.

uw'=1p:0/1*O

Set p = p’ +1¥"1r, where p’ € 0/I""'o and r € o/lo in the second summation of
S, (2). Then

lu—l

Sy(2):l_5”z Z exp{2milo(q,p') /1" +u/'N(p)]/1" "} Z p2mio(a.r) /1

u'=1p:0/l*-10 r:0/l0

Thus S,(2) = 0 unless [7'q € 0. Set ["1q = ¢’. Then

lufl

S, (2) =17°+8 Z Z exp{2mi[o(q,p’) +u'N(p")] /1"~ '}

w'=1 p:0/l*~10
When we repeat the above process on S, to S,(2), we get
S,(2) =1 —-1"Y+S, o

if 7 > 1. Thus our assertion follows by an induction on v. O

Proposition 2. Under the same assumptions of Proposition 1, we have
7(q)

1 . v 1
. 1741/ 2mio(q,p)/1 Fl/ _ l3k _ . Fl/
240 > e (p) = 210 @),

p:0/1¥0 k=0

where T(q) = 7(I%, q).

Proof. By our definition of F, (p) we have

N Z eQwia(q,p)/l"Fu(p)
p:0/1¥O

=S, +178, 4.+ DR 4+ YD R 17

1
240

where S} is as given in Lemma 1 and R; is as given in Proposition 1. Our assertion
then follows from the fact that

7(q)

Sy =8, 1=...=8p =y P11
k=0

and that for 1 < j < 7(q) we have

Jj—1
Ryl =17+ 1P -1
k=0
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5. JACOBI FORMS ON THE HERMITIAN UPPER PLANE OF DEGREE TWO

In order to investigate the Fourier-Jacobi expansions of modular forms on the

exceptional domain, we have to develop the theory of Jacobi forms on Hsy x (Cc)?.

Let k,m be nonnegative integers. A holomorphic function f : Ha x (Cc)? is

called a Jacobi form of weight k and index m if it satisfies the following conditions:
ny t

1) f(Z+T,W)=f(Z,W)forall T = i n , where ni,n9 € Z and t € o;
2

(2) F(ZIU),WU) = F(Z,W) for all U = H i ] or [ . (” or H ; ]
where t € 0;

(3) f(=Z=YZ7'W) = (det Z)F exp{2mimZ W]} f(Z,W);

4) f(Z, W+ gq +p) = exp{—2mim(Z[q] + o(q1,w1) + (g2 + w2))} f(Z,W) for
all ¢,p € 0%; and

(5) f has a Fourier expansion of the form

f(Z,W) = Z Z a(T, q)eQWi[(ZxT)JrU(lh7w1)+0(¢127w2)].

q=%(q1,92)€0%2 T>q*G/m

HereforZ—[Z1 12 ] GHgandW—[wl

€ (Cc)?, we let
S0 2 ] (Ce)*, we le

w2
Z[W] = le(wl) + ZQN(’U}Q) + 0’(2’1211}2, wl).

Natural examples of Jacobi forms on Hsy X (Cc)2 come from Fourier-Jacobi ex-
pansions of modular forms on the 27-dimensional exceptional domain. Here we
shall investigate the Jacobi forms corresponding to the singular modular form of
weight 4 constructed by Kim in [§]. Before doing this, we shall investigate the
general properties of Jacobi forms defined as above.

For each ¢ = *(q1, q2) € 0, consider the theta series ¥, 4(Z, W) defined by

(5.1)  Gmg(ZW)
= Z exp{2mim|[(h*h, Z) + o (h1,w1) + o(ha, ws)]}.
h=X+q/m, c0?

Obviously, one has the identities

(5.2)
Omg(Z + T, W) = 2@ aD/my, (7. W) for T = {"; le] :
where ny,n9 € Z and X € o,
and
(5.3) Ima(ZIU), WU) = Org(Z,W) for U = [ N (1) }
or U= {é i ], where t € o.

Here we shall construct the transformation formula between ¥, ,(—Z~1, Z7'W)
and Yy, ,(Z, W). We need the following lemma.

Lemma 2. For each h = *(hy,h2) € C& and A = diag[&1, &) where & > 0,& > 0,
one has

(A", A[U]) = (UR)("h'T), A)
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for all
1 ¢ 1 0 0 1
o=[o t1[ )16
where t € Cr.
. . 0 1 . 1 ¢
Proof. 1t is obvious for U = [ 10 ] We examine the case U = [ 01 ] We
have
(h'h, A[U]) = &N (h1) + &10(t, hihg) + (§2 + &N (1)) N (ha).
On the other hand, we also have
Uh = [ hi +tho ]
ha
It follows that
((UR)(*h'U),A) = & N (hy + thy) + &N (ha)
=& N (h1) + o (ha, the) + (§1N(t1) + &2) N (ha).
Hence our assertion follows from the fact that
O’(t, hlﬁg) = T(t(hgﬁl)) = T((thg)ﬁl) = O'(hl,thg).
O

With the same argument we have the following lemma.

Lemma 3. For h = ‘(hy,hs) € C&, V = '(v1,v2) € C&, A = diag[&1, &), where
& >0, >0, and

Proposition 3. For each ¢ = (q1,q2) € 0* we have
(5.4) Omg(—2Z7 1, Z71W)
= (det Z)* exp{2rimZ ' [W]}

1 .
X g E exp{—27i[o(q1,p1) + o(q2, P2)|Imp(Z, W).
p:(0/mO)?
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Proof. It suffices to prove that (4] holds for Z =Y and W =4iV. Set Y = A[U]

with U = { (1) i ] and A = diag[¢1,&). Then Y1 = A~1[!U~1] and

g (1Y 1LY IV

= Z exp{—2mm(h'h, Y1) + 2miT((*h)(Y ~'V))}
h=X+q/m,\€0?

= Z exp{—2rm(h'h, AT U )) + 2T CR(A U ))V)}
h=X+q/m,A€0?
= Z exp{—2mm(("Uh)(*RU 1), A7)
h=X+q/m,A€0?
+ 2mimT((CRU DA (U V)],
by Lemma 2 and Lemma 3,
= e 2TV 6)tm ™ 3 exp{—2am” (UR)('R'T), A)
heo?
= 2T (RU)(U) (L —iV)},
by Poisson summation formula,
= g~ 2mmY (V] (det Y)4m =8 Z exp{—2mm~*(h'h,Y)
heo?

- 27rio(q—1 —ivy,hy) — 27ria(q—2 — ivg, ha)}
m m

=2 Vet Y)Y im™ Y exp{-2nmilo(q1,p1) + o(g2. p2)]/m}
p:(0/mO0)?

X Z exp{—27mm(h'h,Y) — 2rm(o (v, h1) + o (v, ha)}
h=X+p/m,A€0?
= g 2mmY (V] (det Y)*m ™8 Z exp{—2mi[o(q1,p1)
p:(0/mO)?

+ (g2, p2)] /130 p (1Y, 0V).

This proves our assertion. O

Let I's be the arithmetic group of the group of automorphisms of Hy generated
by

A) pB:Z—>Z—|—B,forB—{n—1 ; }wherenl,meZantho,
2

( t
(B) t: Z — —Z7! and

0 1 1
(C)15U:Z—>Z[U],forU—{_1 0}01"U—[0 1}wheret€o.
As Jacobi forms on H; x Cc, we have the following result.

Proposition 4. There exists a group homomorphism 1 : Ty — U(m1%), the uni-
tary group of size m'S, determined by

(A) w(pB) = diag[e_Qﬂ—i((f@B)/m]q:(O/mO)27

(B) ¥(v) = #[e%i[g(ql ’pl)Jrg(qz’pz)]/m]p,q:(o/m0)27 and
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(C) Q/}(tU) = [Sp,q]p,q:(o/mo)% where

s,,,q:{l’ if ¢ = Up, for U:[ 0 1} or U:[l t] where { ¢ o

0, otherwise, -1 0 0 1
Remark. Fix a set of representatives ¢1, ... ,g,s of o/mo and let
1 o0
Am ]y

It is easy to see that

W) = A® A,
where
m11N m12N . mlnN
mglN mQQN . anN
M®N =
mptN mpaN ... mp, N

6. THE SECOND IDENTITY

For each positive integer m and ¢ = *(q1,¢2) € 0 with ¢'¢ = 0 (mod m), we
define

t= N(g)/m  q1g2/m @
(6.1) Twmnz[q%m %]— wa/m Nig)/m g
Q1 q2 m

Obviously, we have T'(m, q) € Jo and rank T'(m,q) = 1. Let
d(m,q) = max{a € N | a 'T(m,q) € Jo}.
Now define
2403 4 a(maq) K3, if ¢)¢q=0 (mod m),

(6.2) Gm(q) =

0, otherwise.
We shall prove the identity
(II) Gm(q) = m=8 Z e2milo(qrp1)+o(qz mz)]/me (p).

pe(0/mO0)?
Since the functions in both sides of the equality are multiplicative functions of m, it
suffices to consider the cases m = [” for some prime number [ and positive integer
v. We write T'(v, q),d(v, q), G, (q) to replace T'(I”,q),d(l", q), Gi» (q) respectively.

First we consider the case ¢ = 0. We need the following useful tools from [7].

Lemma 4. Let ] be a prime number, v be a positive integer and x be a primitive
element of o/1”o with N(z) = 0 (mod {*). Suppose that y € o. Then Ty = 0

(mod 1¥) if and only if y = xz (mod I¥). As z varies in o/l o, there are I** such
y (mod 1¥) and each y (mod [¥) is assumed I*" times.

Lemma 5. The number of elements x in o/l"o such that N(x) = 0 (mod I*) is
given by

v—1
Y PR =)
k=0
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Lemma 6. The number of primitive elements x in o/l”o with N(z) =0 (mod I¥)
is given by (1™ +1773)(1 —171).

Proof. Let A, be the number of elements z is 0/l 0 such that N(z) =0 (mod ).
Then the number of primitive elements in A, is

A, —1BA, o =" +1") (1 =17,

Now we are ready to prove that the [-adic version of identity (II) holds for

q = 0. |:|
Proposition 5. Let | be a prime number and v be a nonnegative integer. Then
1 1 -
— G (0) = — - "% Gy(p) =Y I*
20 =355 2 ) =2
pE(0/1¥0)? k=0

Proof. For integers j with 0 < j < v we have
R; ={T(j,q) | 4 € (0/1"0)*,q'g=0 (mod )}.

Note that if T(j,q) € R; and I7*T(j,q) € Jo,,0 < k < j, then I7*T(j,q) =
T(j — k,17%q) € Rj_). Hence, by our definition we have

1 —8v
210 l Z Gu(p)
pe(0/Iv 0)?
— l*SVlRV| + l78u+3|RV_1| o+ l78u+3(1/71)|R1| + Z781/+5u,

where |R;| denotes the number of matrices in R).
Our assertion will follow if we can prove that

j—1
PR =13+ 1PF1-17°),  1<j<w
k=0

Note that
IRj| = [{g € (0/V0)? | ¢'g=0 (mod I')}].
Set ¢ = *(q1,q2). Then ¢'g =0 (mod I’) if and only if
N(qg1) =12 = N(g2) =0 (mod 7).

Let S; (respectively T;) be the subset of R; corresponding to the cases ¢1 is
primitive (respectively ¢; is primitive and g2 is nonprimitive). By Lemma 4 and
Lemma 6, we have

1S;] = (17 + 1™=3)(1 — -y

and

IT5| = (1™ + 177 =3)(1 — 1~ 4)a=D),
Consequently, we have

¥ R;| = U3{185] + T3} + 13072 |R;

= (13 + BUDY1 —178) 4 1780-D R, |

for j > 2. Thus our assertion follows from the fact |Ry| = 1, the equality
78| Ry| =B+ (1 —179)

and induction on j. O
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Next we consider the general case. Set 7(q) = 7(v,q) = v(d(v,q)). In other
words, [7(?) is the largest exponent of [ such that 7(¢) < v and =7 DT (v, q) € Jo,.
With such notation, we can rewrite G(v, q) as

7(q)
Gy (q) =240 1%,
k=0

We need the following lemmas from [7].

Lemma 7. Let | be a prime number and v be a positive integer. Suppose that
q € o/l"o with N(q) = 0 (mod *) and A,(q) is the number of y (mod [*) such
that gy = N(y) =0 (mod ¥). Then

7(q)—1

Aulg) =1 7@ + Y7 PR — 1Y),

k=0

where 7(q) = 7(v, q).

Lemma 8. Under the same assumption of the previous lemma. Let B,(q) be the
number of primitive elements y (mod I¥) such that gy = N(y) =0 (mod *). Then

By (q) = 1%+ (1 — =4,
Proof. Tt follows from the fact
B,(q) = Au(q) — BA,_5(I"Yq) if 7> 1.
O

Note that G,(gq) is invariant under the transformation ¢ — Ugq with U =

1 0 1 ¢ 0 1
[t 1],[ 1]Wheret€o,orU—[1 O}Thesum

18 Z e2mil(ar,p1)+(azp2)l/1 (p)
p€(0/170)?
— 8 Z e2ﬂiT("¢7p)/l”Gy(p)
p:(0/1r0)?
is invariant under the transformation ¢ — Ugq as well. On the other hand, for each
x € Cr, there exists ¢ € osuch that N(z—c) < % (see [1]). Thus the usual Euclidean

algorithm for integers can be extended to integral Cayley numbers. Without loss
of generality, we can assume the second component g of ¢ is zero.

Proposition 6. Let [ be a prime number and v be a positive integer such that
v>1=1(",q1). Then

1 . v T 1 q1
s 2mio(q1.p) /1 1 (p) = PrF=_—.4G, .
240 2, Gulp) =2 210 % o
pe(0/1¥0)? k=0
Proof. For integers j with 74+ 1< j < v, let
S; = 1=87 Z e2milanp)/17

pe(0/1¥0)?
ptp=0 (mod 19)
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and R; be as defined in Proposition 5. Then we have

1 —8v mio(q1,p1) /1" — —5(v—7—
oYY TG () = 8, 417, T s
pe(0/1¥ 0)?

+ 15 TDIR |+ 4 1Y Ry 4 17,
Thus the equality holds if we can prove that

Sp=> 1*1-177)
k=0
for 7+ 1 < j <. Consider the following partial sums of S;:
(1) S;(1) : sum over all p = “(py, p2) where p; is primitive,
(2) S;(2) : sum over all p = *(p1,p2) where both p1,pe are primitive,
(3) S;(3) : sum over all p = *(p1,p2) where py is primitive, and
(4) S;(4) : sum over all p =*(p1, p2) where p1,ps are non-primitive.

Obviously, we have

t
t
t

Sj = 8;(1) = 5;5(2) + 5;(3) + 55(4).
If j > 742, we have
S;i(4) = 8S;_s.
By Lemma 4, we have

S;(1) =174 Z e2mio(q1.p1)/V

p160/1j0
p1 primitive
N(p1)=0 (mod 1J)

4 Z e2mio(q,p1) /U _ 1—4(j—2) Z e2mio(qu,p) /U1
N(p1)=0 (mod 17) N(p’)=0 (mod 11—2)
p1€0/150 p'€0/13—20

=13"(1-1"%, by Lemma 1.
It follows easily that
S;(2) =PT(1—1"h(1—17%).
Again by Lemma 4 we have

S;(3)=1"% Z 1—4i Z 270 (a1,p22)

szO_/l_j_O z€0/1i0
po primitive .
N(p2)=0 (mod 1)
=1"Y|{py € 0/l70 | py is primitive and pog =0 (mod I7)}|
=0"(1-1"%, by Lemma 8.
Consequently, we have

Sj(1) = 85(2) + 8;(3) = 1*7(1 = 17%).

By the same process as above we are able to show that

T

Srp1 =3 A -177).

k=0
Thus our assertion for S; follows by induction on j. O
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7. A CONSEQUENCE OF THE SECOND IDENTITY

Here we combine the theory of Section 5 with the second identity to yield a
Jacobi form of weight 4 and index m on Ha x (Cc)?.

Proposition 7. With the theta series O o(Z, W) defined in (BI) and the constant
Gm(q) defined in [62), the function

(7.1) em(ZW) = > CGulq)0mq(Z,W)

¢:(0/m0)?
is a Jacobi form of weight 4 and index m on Ha x (Cc)?.
Proof. If we combine identity (II) with Proposition 3, we get
om(—271,Z27'W)
= Y Gu(@Vme(-Z7,Z7'W)

q:(0/mO0)?
= (det 2)* exp{2mimZ ' [W]}
1 —27ilo 1)+o
x Y (@)~ S ermilolmptolmpl/my, (7, W)
pe(0/mO)? p:(0/mO)2

= (det Z)* exp{2mimZ ' [W]}
x Z Ls Z e~ milolavp)tolapll/ma  (4). 9, (Z, W)
pe(0/m0O)* " ¢:0/mO
= (det Z2)* exp{2mimZ W]} Z G (p)Om p(Z, W)
PE(0/mO)?
= (det 2)* exp{2mimZ ' [W]}om(Z, W).

The remaining conditions are easy to verify directly, so we omit the proofs here. [

Theorem. Set Z; = { Zzl 212 }, W = [213] and Z = { tZV—[l/ I;V ] Then the
12 2 Z93 3

function

E(Z) = Z 62ﬂi(htﬁ’zl) + Z( Z Gm(Q)’lS‘m,q(Zh W))eQMmZSv

heo? m=1 q:(0/m0)?
where Z € 'H, is a singular modular form of weight 4.

Proof. 1t is easy to see that E(Z + B) = E(Z) for all B € Jp and for U = U;;(¢)
where ¢t € 0. We have E(Z[U]) = E(Z) since the coefficient G,,(¢q) depends on the
matrix

AR REAS

and so is invariant under the transformation 7., (¢) — T (¢)[U].
Let ¢12 be the mapping from H to H defined by

v (20, Wzs) — (=271, 27 W,z — 27 (W],
By Proposition 7 we have

(7.2) E(112(2)) = (det Z,)*E(2).
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The detailed proofs here for the formula (7.2) and for the formula (7.6) below
are the essential steps missing in Krieg’s assertions (12) and (14) in his paper [9].
Rewrite E(Z) as

E(Z) = Z ?m 2 Fr (23, 213, 223)
R

where R ranges over 2 x 2 Hermitian matrices over integral Cayley numbers of rank
<1 and R > 0. Indeed we have

73 Fr(za.212.2 _ G eZﬂ'i[a(ql ,213)+U(q2,223)]627rin23 )
R\%3,%213,%23 m\q
nR=q*q qc0?

m

In particular, for R = { 0 0

} we have

FRr(z3,213, 223)
= Z Fm(ql)ezﬂi[g(%1213)+23N(q1)/m]

q1 €0

_ ; q,,, a

= Z F..(q) Z exp{2mimN (Il + m)23 +o(l+ m,Zlg)}.
ge0/mO leo

By identity (I) and the transformation of the theta series in (B1J), we get

(7.4) Fr(——, ==, ==) = (23)*e™ "N (@))% Fp (25, 215, 203).

1 0 t 1 t 1
where t € o, it causes simple transformations on 213 and z93. Indeed, by (Z.3)), we
have

Under the transformation R — R[U] with U = { 0 1 }, [ Lo } or { Lo ],

Friu) (23, 213, 293) = Fr(23, 213, 223),

!
213 | _ gt 213

/ = .
223 223

Thus the equality in (L)) leads to the general form

where

(7.5) Fpr(——,—,—) = (23)462m(R’WtW)/ZSFR(Z& 213, 223),

where
W= "3 | and WW = N(Zl_?’) 13723 .
223 293213 N(z23)
Let t3 be the mapping from H to H defined by
1 -1 1
L3t (Zlv Wa Z3) — (Zl - _WtWa _Wﬂ __)'
z3 z3 z3
By (Z5) we have
(7.6) B(i5(2)) = #E(2).
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Note that t : Z — —Z~! is the composition of ¢13 and 3. By (2) and (7.6), we
then have

E(-Z71Y) = (det 2)*E(2).
Hence E(Z) is indeed a modular form of weight 4. O

Remark. The identity (7.4) is proved in [9] using the Fourier-Jacobi expansion of
fa. We wish to stress here that our proof of (7.2) provides all necessary details
which are practically absent in [9] and is integral to our development of the theory
of Jacobi forms on Hy x (C.)?. Here we have the precise expression for Fr and
derive its transformation formula (7.3) using identity (I) and the transformation
formula of the theta series.
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